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Abstract 
Lamken, E.R., On near generalized balanced tournament designs, Discrete Mathematics 97 
(1991) 279-294. 
A near generalized balanced tournament design, NGBTD(n, k), defined on a (kn + l)-set V, is 
an arrangement of the blocks of a (kn + 1, k, k - I)-BIBD defined on V into an n x (kn + 1) 
array so that (1) every element of V occurs precisely k times in each row, (2) every column of 
the array contains kn distinct elements of V, and (3) the columns form a near resolution of the 
(kn + 1, k, k - l)-BIBD. It is easy to construct NGBTD(n, 2) for n a positive integer. In this 
paper, we investigate the existence of NGBTD(n, k)s for k 2 3. We describe direct and 
recursive constructions for NGBTD(n, k)s. One of our main results is to show that there exists 
a NGBTD(n, 3) for n a positive integer except possibly for n E (3, 38, 39, 118). 
1. Introduction 
A balanced incomplete block design (BIBD) D is a collection B of subsets 
(blocks) taken from a finite set V of u elements with the following properties. 
(1) Every pair of distinct elements from V is contained in precisely L blocks of B. 
(2) Every block contains exactly k elements. 
We denote such a design as a (v, k, A)-BIBD. 
A (v, k, A)-BIBD D is said to be near resolvable if the blocks of D can be 
partitioned into classes (resolution classes) RI, R2, . . . , R, such that for each 
element x of D there is precisely one class which does not contain x in any of its 
blocks and each class contains precisely v - 1 distinct elements of the design. The 
classes RI, RZ, , . . , R, form a resolution of D and D is denoted by NR(u, k, A)- 
BLBD. Two necessary conditions for the existence of a NR(u, k, A)-BIBD are 
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1 124 235 346 450 561 602 013 
I356 460 501 612 023 134 245 
Fig. 1. A NGBTD(2,3). 
‘u = 1 (mod k) and il = k - 1. It is easy to see that these conditions are sufficient 
for k = 2. In the case k = 3, Hanani has shown that these are also sufficient, [3]. 
A near generalized balanced tournament design, NGBTD(n, k), defined on a 
(kn + 1)-set V, is an arrangement of the blocks of a (kn + 1, k, k - l)-BIBD 
defined on V into an n x (kn + 1) array so that: 
(1) every element of V occurs precisely k times in each row, 
(2) every column of the array contains kn distinct elements of V, and 
(3) the columns form a near resolution of the (kn + 1, k, k - l)-BIBD. 
A near generalized balanced tournament design is a generalization of an odd 
balanced tournament design; in particular, a NGBTD(n, 2) is an OBTD(n), [8]. 
We illustrate this definition by displaying a NGBTD(2,3) in Fig. 1. 
In this paper, we investigate the existence of near generalized balanced 
tournament designs. One of our motivations for this study is that NGBTDs can be 
used both directly and recursively to produce NRBIBDs, [4]. Very little is known 
about the existence of NRBIBDs and even simple direct constructions for 
NGBTDs can produce previously unknown near resolvable designs, [4]. 
In the next section, we describe direct and recursive constructions for 
NGBTD(n, k)s. We indicate some of the existence results that can be obtained 
by applying the constructions for k 2 4. The main result in Section 3 is to show 
that there exists a NGBTD(n, 3) for n 2 1 with the possible exceptions of 
12 E (3, 38, 39, 118). Included in this section is an existence result for 3-row 
complementary frames. 
2. Constructions 
Let G = (0, g,, gz, . . . , g”_i} be an additive abelian group of order v = nk + 1. 
Let G* = G - (0). A starter S of order k - 1 is a partition of G* into k-subsets 
(S,, S,, . . . > S,) such that these subsets are a set of base blocks for a cyclically 
generated NR(nk + 1, k, k - l)-BIBD, [ll]. 
Theorem 2.1. If there exists a starter S of order k - 1, then there exists a 
NGBTD(n, k). 
Proof. Let N be an n x (nk + 1) array. Label the columns of N 0, 1, . . . , nk. In 
row i of column 0, place the block S,, 1 s i sn. In row i and column j, place 
Si+gjfori=1,2 ,..., nandj=1,2 ,..., nk. The columns of N contain a near 
resolution of the (kn + 1, k, k - l)-BIBD generated by S. Since the design is 
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cyclically generated, every element of G occurs k times in each row. This verifies 
that N is a NGBTD(n, k). Cl 
An immediate consequence of this result is the existence of NGBTD(n, 2)s; 
there exists a patterned starter [12] over &+i for a NR(2n + 1, 2, l)-BIBD. 
Theorem 2.2 ([S]). F or n a positive integer, there exists a NGBTD(n, 2). 
Starters of order k - 1 for k 2 2 are more difficult to construct. As the next 
result shows, we cannot expect to easily use starters to prove the existence of 
NGBTD(n, 3)s. 
Theorem 2.3 ([l]). Th ere does not exist a starter of order 2 over Z, for v = 10 
(mod 12). 
The only general construction known for starters of order k - 1 for k > 2 is the 
following algebraic construction. 
Theorem 2.4 ([ll]). Let G = GF(q) where q is a prime power of the form kn + 1 
with (k, n) = 1. Let K and N be the multiplicative subgroups of order k and n 
respectively in F * = F - (0). Let x be a primitive element of F. Then S = 
(K, Kxk, Kx~~, . . . , KxCn-‘jk) is a starter of order k - 1. 
In Table 1, we list the parameters for some of the NGBTDs with k > 4 which 
can be constructed using Theorem 2.4 (and Theorem 2.1). 
The next construction is a direct product for NGBTDs. It generalizes the direct 
product for OBTDs or NGBTD(n, 2)s [8]. 
Theorem 2.5. Zf there exists a NGBTD(n, k), a NGBTD(m, k) and a set of k 
mutually orthogonal Latin squares of side mk + 1, then there is a NGBTD(nmk + 
n + m, k). 
Proof. Let V = {x,, x2, . . . , xnkcl} and let M = (0, 1, 2, . . . , mk}. 
Let L1,L2,..., Lk be a set of mutually orthogonal Latin squares of side 
mk + 1 defined on M. L will denote the array of k-tuples formed by the 
superposition of Li, L2, . . . , A!+, L = Ll ’ Lzo. ’ ’ ’ Lk. L(i,, iz, . . . , ik) will den- 
ote the array of k-tuples formed by replacing each k-tuple (yi, y2, . . . , yk) in L 
with the k-tuple ((yl, iI), (~2, i2), . . . , (yk, ik)). 
Let N be a NGBTD(n, k) defined on V. Suppose column i of N contains the 
elements V - {xi} for i = 1, 2, . . . , nk + 1. Let N, be a NGBTD(m, k) defined on 
M x {xi} for i = 1, 2, . . . , nk + 1. 
Let A be the n(mk + 1) X (nk + l)(mk + 1) array formed by replacing each 
k-tuple (xi,, xi*, . . . , Xi*) in N with the mk + 1 square array L(xi,, xi?, . . . , xi*). A 
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Table 1 
Applications of Theorems 2.4 and 2.1 
for4~k~lOandu<lOO 
k u=nk+l NGBTD(n, k) 
4 13 (3>4) 
4 29 (7,4) 
4 37 (9,4) 
4 53 (13,4) 
4 61 (15,4) 
5 16 (39% 
5 31 (695) 
5 41 (8,5) 
5 61 (12,5) 
5 71 (14,5) 
5 81 (16, 5) 
6 31 (5,6) 
6 43 (796) 
6 67 W,6) 
6 79 (13,6) 
I 29 (4,7) 
7 43 (6, 7) 
7 64 (997) 
7 71 (10,7) 
8 25 (398) 
8 41 (5>8) 
8 73 (9>8) 
8 89 (11,8) 
9 19 (2>9) 
9 37 (4,9) 
9 64 (7, 9) 
9 73 (819) 
10 31 (3, 10) 
10 71 (7, 10) 
is defined on M x V. We construct a new array B from A and N,, N2, . . . , Nnktl 
as follows. 
[ 
A 
B= 
% N2 . . . Nnk+l 1 } n(mk + 1) > m 
B is an (nmk + n + m) x (nk + l)(mk + 1) array defined on M x V. Each element 
in M x V occurs k times in each row of B and at most once in each column of B. 
It is easy to check that the columns of B form a near resolution of a 
NR((nk + l)(mk + l), k, k - l)-BIBD. This verifies that B is a NGBTD(nmk + 
n+m,k). q 
We can easily construct a NGBTD(l, k) from the k + 1 distinct k-subsets of a 
(k + l)-set. The following construction from [4] is equivalent to the direct product 
with 12 = 1. 
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Theorem 2.6 ([4]). Let v = mk + 1. Zf there exists a NGBTD(m, k) and a doubly 
resolvable TD(k, v), then there exists a NGBTD(mk + m + 1, k). 
Theorem 2.6 can be used recursively for k + 1 a prime power, [4]. 
Theorem 2.7 ([4]). Let k + 1 be a prime power. Then there exists a 
NGBTD 
(k + l)i - 1, 
k 
k 
> 
for i a positive integer. 
Table 2 contains a list of some of the NGBTDs which can be constructed using 
Theorem 2.7. 
The direct product can also be applied with the designs constructed from the 
starters in Theorem 2.4. 
Theorem 2.8. Let p be u prime power of the form kn + 1 where (n, k) = 1, and let 
q be a prime power of the form km + 1 where (m, k) = 1. Then there exists a 
NGBTDrq, k). 
Some examples of Theorems 2.6 and 2.8 are listed in Table 3 for k 2 4. 
Sets of t-complementary frames are used in [6] to construct generalized 
balanced tournament designs. These constructions can be modified to produce 
NGBTDs, and the existence of NGBTD(l, k)s often allows us to use frames 
which could not be used directly for the GBTD constructions. In order to 
describe these constructions, we need several definitions. 
Let V be a set of v elements. Let Gi, G2, . . . , G, be a partition of V into m 
sets. A {G,, G2, . . . , G,,,}-frame F with block size k, index ), and latinicity ZJ is a 
Table 2 
Applications of Theorem 2.7 
for4Sk<lOandn<lOO 
m NGBTD(n, k) 
4 (694) 
4 (31, 4) 
6 (K6) 
6 (57,6) 
7 (917) 
7 (73, 7) 
8 (10, 8) 
8 (91, 8) 
10 (12, 10) 
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Table 3 
Parameters for some of 
NGBTD(n, k) constructed 
ing Theorems 2.6 and 2.8 
the 
us- 
k n 
4 16 
4 36 
4 42 
4 46 
4 66 
4 76 
4 94 
5 19 
5 37 
5 49 
5 51 
5 73 
5 85 
5 97 
k n 
5 99 
6 36 
6 50 
6 78 
6 92 
7 33 
7 49 
7 73 
7 81 
8 28 
8 46 
8 82 
8 100 
square array of side u which satisfies the properties listed below. We index the 
rows and columns of F by the elements of V. 
(1) Each cell is either empty or contains a k-subset of V. 
(2) Let 1;; be the subsquare of F indexed by the elements of Gi. 8 is empty for 
i=l,2,. . .) m. (The F;‘s are often called the holes of the frame.) 
(3) Let j E Gi. Row j of F contains each element of V - Gi y times and column 
j of F contains each element of V - Gi ,u times. 
(4) The collection of blocks obtained from the nonempty cells of F is a 
GDD(u; k; Gi, G2,. . . , G,; 0, A). (See [lo] for the notation for group divisible 
designs (GDD) .) 
We will use the following notation for frames. If IG,( = h for i = 1, 2, . . . , m, 
we call F a (cl, A; k, m, h)-frame. The type of a {G,, G,, . . . , G,}-frame is the 
multiset {IG,l, IG,(, . . . , IG,l}. We will say that a frame has type t’f’ti’ . . . t? if 
there are ui Gj’s of cardinality ti, 1 c i s 1. 
Let 9 be a set of t {G,, G2,. . . , G,}-frames with block size k, index A and 
latinicity h, 9 = {F’, F2, . . . , F’}. Let F be the superposition of F’, F2, . . . , and 
F’, F=F1,F2~. . .o F’. Suppose F satisfies the following properties. 
(1) Let 6 be the subsquare of F indexed by the elements of Gi. c is empty for 
i = 1,2, . . . , m. 
(2) Each cell of F contains at most one block of size k. 
Then 9 is called a set of t-complementary {G,, G,, . . . , G,}-frames. More 
briefly, we say that there exists a t-complementary {G,, G2, . . . , G,}-frame. It is 
clear that 1~ t =Z k. (A l-complementary {G,, G2, . . . , G,}-frame is just a 
{G,, G2, . . . , G,}-frame.) 
Let F be a k-complementary (1, k - 1; k, m, k)-frame. Suppose F is a 
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{G,, G, . . . , G,}-frame, and let Ri denote the ith row of F. We will say that F is 
in standard form if rows Ri+l, Ri+z, . . . , Ri+k are indexed by the elements of 
< GCilk)+r for i = 0 (mod k), 0 -. i s mk - k. F is called k-row complementary if we 
can construct a set of k-complementary frames F’, F*, . . . , Fk from F as follows. 
Let F’= F. The k rows of Fi indexed by the elements of G, will be 
Rk(,-r)+j, Rk(l-l)+j+r, . . . J Rk(l-I)+k, R/c([-l)+l, . . . ) R/c(I-l)+j-l for 1= 
1, 2, . . . ) m. (i.e. The complements of F are constructed by permuting the rows 
of F indexed by the elements of G,.) 
We will also use a generalization of k-row complementary frames. Let F be a 
k-complementary (1, k - 1; k, m, tk)-frame. Suppose we can partition the tk rows 
of F which are associated with the ith hole into k sets of t rows each 
&,E*,..., & so that no Cell in the t rows of the superposition of &, e2, . . . , 
and & contains more than one k-subset for i = 1, 2, . . . , m. Then we can 
construct a set of k complementary (1, k - 1; k, m, rk)-frames by permuting the 
sets of rows &r, . . . , & for each hole 6, i = 1, 2, . . . , m, and F is called a k-row 
complementary frame. 
Let F be a (1, k - 1; k, m, tk)-frame. We say that F is partitionable if F can be 
written in the following diagonal form. 
F= 
where Mi is a square array of side tm which contains m t x t empty arrays along its 
diagonal. The ith hole of F is the tk X tk array indexed by rows and columns 
nmt+it+Iforn=O,l,..., k-landl=l,2 ,..., t. 
It is easy to see that if F is partitionable then F is both k-complementary and 
k-row complementary. An example of a partitionable (1,2; 3,5,3)-frame is 
displayed in the next section in Fig. 2. The array [M, M, M,] displays the 3-row 
complementary property of this frame. 
The constructions also use sets of mutually orthogonal partitioned incomplete 
Latin squares (OPILS). Let P = {S,, S2, . . . , S,} be a partition of a set S 
(m 3 2). A partitioned incomplete Latin square, having partition P, is an JSI x ISI 
array L, indexed by the elements of S, satisfying the following properties. 
(1) A cell of L either contains an element of S or is empty. 
(2) The subarrays indexed by Si X Si are empty for 1 c i c m. 
(3) Let j E Si. Row j of L contains each element of S - & precisely once and 
column j of L contains each element of S - S, precisely once. 
286 E.R. Lamken 
The type of L is the multiset {lS,l, l&l, . . . , IS,l}. If there are ui Sj’s of 
cardinality ti, 1s i s k, we say L has type tt;‘t!j*. . . tft”. 
Suppose L and M are a pair of partitioned incomplete Latin squares with 
partition P. L and M are called orthogonal if the array formed by the 
superposition of L and M, L 0 M, contains every ordered pair in S x S - 
UZI tsi x &I P recisely once. A set of 12 partitioned incomplete Latin squares with 
partition P is called a set of n mutually orthogonal partitioned incomplete Latin 
squares of type {j&l, l&l, . . . , IS,l} if each pair of distinct squares is orthogonal. 
We are now in a position to describe some frame constructions for NGBTDs. 
The basic frame construction for NGBTDs, [6], can be used to construct NBTDs 
by replacing the GBTD subdesigns with NGBTDs. For completeness, we indicate 
the proof of this construction. 
Theorem 2.8. If there exists a k-complementary {G,, G2, . . . , G,,,}-frame with 
block size k, index k - 1 and latinicity 1, a set of k orthogonal partitioned 
incomplete Latin squares with partition { G1, G2, . . . , G,,,} and NGBTD( I Gil, k) 
for i = 1, 2, . . . , m, then there is a NGBTD(CE, IGil, k). 
Proof. Let 
V = IJ Gij 
i=l,Z,...,m 
j=l,Z,...,k 
where IG,l = lG,l for j = 1, 2, . . . , k. Let 
& = fi Gij and let 
j=l 
Wj = (j Gij. 
i=l 
Let F,, 4,. . . , Fk be a set of k-complementary frames of type 
W,l, IGzl, . . . 9 lGml} where l$ is a {Gij, Gzj, . _ . , G,,}-frame defined on M$. F 
will denote the array of k-tuples formed by the superposition of the k frames, 
F=F,oF,a. . -0 Fk. F is a square array of side CEi lG,l defined on V with a 
diagonal of empty arrays of size IGil, lG,l, . . . , IG,l. 
Let L1, L2,. . . , Lk be a set of k of orthogonal partitioned incomplete Latin 
squares of type {[Gil, lG& . . . , 1 G,,, I}. Suppose Lj is defined on M$ with partition 
{Gij, G2j, . . . 7 Gmj}. Let L denote the array of k-tuples formed by the superposi- 
tion of the k OPILS, L = L1 0 L20 * . -oLk. L is a square array of side zE1 lG,l 
defined on V with empty arrays of size [Gil, I G21r . . . , IG,l on its diagonal. 
Let /Vi be a NGBTD(IG,(, k) defined on V, U (~0) where the last column of ZV;, 
Ci, is the resolution class which does not contain 00. Ni is a lG,l x lG,l k + 1 array 
and can be written as follows. 
Ni = Ni’ N; -. . N;k ci 
- -- 
IG,l IG,l 1 
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We now construct a CE1 lG,l x k Cz”=, IGil+ 1 array defined on V U {m> from 
the Ni’s, F and k - 1 copies of L. 
N: F N; L C-1 
N: N: G 
N= 
It is easy to verify that N is a NGBTD(CE”=, IGil, k) defined on V U (03). 0 
We note that the existence of NGBTD(l, k)s allows us to apply Theorem 2.8 
to frames of type 1”. 
Corollary 2.9. Zf there exists a k-complementary (1, k - 1; k, m, l)-frame and a set 
of k OPILS of type l”, then there is a NGBTD(m, k). 
The frame construction can be generalized by using the direct product for 
frames together with the existence of NGBTDs which contain as subarrays 
NGBTDs. Since the proof is similar to that of Theorem 2.8, we omit it. 
Theorem 2.10. Zf there exists a k-complementary { G1, G2, . . . , G,,,}-frame with 
block size k, index A = k - 1 and latinicity 1, a set of k OPILS with partition 
In IGI, n El,. . . , n IGml} and NGBTD(n IGil +s, k) which contains as a sub- 
array a NGBTD(s, k) (s 3 0) for i = 1, 2, . . . , m, then there is a 
NGBTD( (n ,gI IGI) + s, k) 
which contains as a subarray a NGBTD(s, k). 
The main construction used to prove the existence of NGBTD(n, 3)s in the 
next section is the 3-row complementary frame construction. We describe the 
construction for arbitrary k. It is similar to the construction for GBTDs which 
uses row complementary frames. The existence of NGBTD(1, k)s provides a 
direct construction for NGBTDs from the existence of k-row complementary 
frames. 
Theorem 2.11. Zf there exists a k-row complementary (1, k - 1; k, m, k)-frame, 
then there exists a NGBTD(m, k). 
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Proof. Let V = UEI Gi where lG,l = k. Suppose F is a k-row complementary 
(1, k - 1; k, m, k)-frame defined on V. F will be a {G,, G2, . . . , G,}-frame 
written in standard form. Let Si be the 1 x kn array formed by superimposing the 
k rows in F which are indexed by Gi. S will be the m x km array constructed as 
follows. 
1 
S contains an empty 1 x k array in row i and columns ki + j for j = 1, 2, . . . , k 
andi=O,l,..., m - 1 which comes from ‘collapsing’ the hole indexed by the 
elements of Gi. 
Let Ni be a NGBTD(1, k) defined on Gi U (00) where the last column C, 
contains the (near) resolution which does not contain 00. (Ci consists of a single 
block of size k.) Let C = [C, C2 * * * C,]‘. 
We construct a NGBTD(m, k) N defined on V U (00) by placing Ni - Ci in the 
1 x k empty array in row i of S and adding the column C to the resulting array. It 
is straightforward to verify that N is a NGBTD(m, k). 0 
The next construction uses the generalization of k-row complementary frames. 
Theorem 2.12. Zf there exists a k-row complementary (1, k - 1; k, m, tk)-frame 
and a NGBTD(t, k), then there exists a NGBTD(mt, k). 
Proof. Let V = lJzI Gi where IGil = tk. Let F be the k-row complementary 
(1, k - 1; k, m, tk)-frame defined on V. Suppose the partitioning of the rows of 
the ith hole E used to construct the set of complementary frames is 
&,&,*.., &. (We recall that & consists of t rows for k = 1, 2, . . . , m.) Let Si 
denote the t x tkm array formed by the superposition of e,, i$, . . . , and I$,,. We 
construct a tm x tmk array S as follows. 
s1 }t 
S* s= . 
& 
Si contains a t X tk empty array in columns tk(i - 1) + j for j = 1, 2, . . . , tk and 
i = 1,2, . . . ,171. 
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Let A$ be a NGBTD(t, k) defined on Gi U (00) where the last column Ci 
contains the near resolution which does not contain m in any of its blocks. Let 
C=[CT c; ‘*a Cz]‘; C is a tm X 1 array. 
We construct a NGBTD(mt, k) iV defined on V U {m} by first placing iV, - C, in 
the t x tk empty array in Si of S for i = 1, 2, . . . , m and then adding a new 
column C to the resulting array. It is a straightforward to verify that N is a 
NGBTD(mt, k). Cl 
This construction can also be used with the direct product for frames. 
Theorem 2.13. If there is a k-row complementary (1, k - 1; k, m, tk)-frame, a 
NGBTD(nt + s, k) which contains as a subarray a NGBTD(s, k) for s 2 0 and a 
set of k mutually orthogonal Latin squares of side n, then there is a 
NGBTD(nmt + s, k) which contains as a subarray a NGBTD(s, k). 
3. NGBTD(n, 3)s 
In this section, we determine the spectrum of NGBTD(n, 3)s with four possible 
exceptions for n. Our main construction will be the 3-row complementary frame 
construction, Theorem 2.11. We first show that there exist 3-row complementary 
frames with a small number of possible exceptions. Many of the constructions will 
produce partitionable (1, 2; 3, m, 3)-frames which are both 3 complementary and 
3-row complementary. 
Let F be a (1, 2; 3, m, 3)-frame. We recall that F is partitionable if F can be 
written in the following form. 
The arrays E, MI, M2, M3 are square arrays of side m; E is an empty array and 
the diagonal of Mi is empty for i = 1, 2, 3. The ith hole of F consists of the 3 x 3 
array indexed by rows and columns i, m + i, and 2m + i. 
It is easy to show that the starter-adder construction [7] for 3-complementary 
frames can be used to construct 3-row complementary frames. 
Theorem 3.1. If there is a starter S and an adder A for a 3-complementary 
(1, 2; 3, m, 3)-frame over Z 3m such that the adders for the 3 frames are A, A + m 
and A + 2m, then there is a 3-row complementary (1, 2; 3, m, 3)-frame. 
Proof. Let Gj+i = {i, m + i, 2m + i} for i = 0, 1, 2, . . . , m - 1. Suppose F is the 
(6 & . . . , G,}-frame generated by S and A. Since A, A + m and A + 2m 
generate 3 complementary frames, the rows i, m + i and 2m + i form a set of 3 
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complementary rows which are indexed by the elements of Gi+, for i = 
0, 1, . . . ) m - 1, and we can permute the rows of F to construct the complemen- 
tary frames. 0 
Corollary 3.2. Zf there exists a starter S and an adder A for a 3-row complementary 
(1, 2; 3, m, 3)-frame such that if A = { zk(u - v) 1 u, u E A, u # v} and x E A, then 
x = 0 (mod 3), then there is a partitionable 3-row complementary (1, 2; 3, m, 3)- 
frame. 
Proof. We can construct M, from rows 0, 3, 6, . . . , 3m - 3 of F and the columns 
corresponding to A. If {x, y, z} is a block of M,, then {x + 1, y + 1, z + l} 
modulo 3m will be a block of M2; we denote this relationship by M2 = MI + 1. 
Similarly, M3 = M2 + 1. 0 
We illustrate this construction by listing a starter-adder pair for a partitioned 
3-row complementary (1,2; 3,5,3)-frame. 
S 1 12 13 2 9 11 347 6 814 
A 1 7 4 13’ 
The three 5 x 5 arrays, MI, M2 and M3, for this partitioned frame are displayed in 
Fig. 2. (The rows and columns have been permuted to put the arrays in standard 
form.) 
Intransitive starters and adders for 3-complementary frames [7] can also be 
used to construct 3-row complementary frames. 
Theorem 3.3. Zf there is an intransitive starter S and a corresponding adder A over 
iTJ,,_3 for a 3-complementary (1, 2; 3, m, 3)-frame such that the adders for the 3 
frames are A, A + m - 1 and A + 2(m - l), then there is a 3-row complementary 
(1, 2; 3, m, 3)-frame. 
Proof. Let Gi+, = {i, m - 1 + i, 2(m - 1) + i} for i = 0, 1, . . . , m - 2, and let 
G,,, = {a; /3, JJ}. Suppose F is the {G,, G2, G,}-frame generated by S and A. 
Since A, A + m - 1 and A + 2(m - 1) generate 3 complementary frames and the 
last 3 columns are cyclically generated from C, the rows i, i + m - 1 and 
i + 2(m - 1) form a set of 3 complementary rows which are indexed by the 
elements of G,,, for i = 0, 1, . . . , m - 2. The last 3 rows are generated cyclically 
by R and will form a set of 3 complementary rows indexed by the elements of G,. 
So F is 3-row complementary. 0 
We will use Theorem 3.3 to construct 3-row complementary (1, 2; 3, m, 3)- 
frames for m = 8 and m = 12. The starters and adders in [7] satisfy the additional 
properties required for Theorem 3.3. To illustrate this construction, we list the 
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intransitive starter-adder pair for m = 8 below. The 8 x 24 array [A B C D] in 
Fig. 3 displays the 3-row complementary property of this frame. 
S 6 8 12 10 13 19 11 16 20 a12 P35 y 15 18 
A 4 17 6 2 8 5 
C 4 917 
R 8 18 19 
It is straightforward to verify that the pairwise balanced design (PBD) and 
product constructions for 3 complementary frames, [7], can be used to construct 
3-row complementary frames. 
Theorem 3.4. Let K be some subset of positive integers. If there exists a 
PBD(v; K) such that for each k E K there is a 3-row complementary (1,2; 3, k, 3)- 
frame, then there Is a 3-row complementary (1, 2; 3, v, 3)-frame. 
Theorem 3.5. If there is a 3-row complementary (1, 2; 3, m, 3)-frame which 
contains as a subarray a 3-row complementary (1, 2; 3, n, 3)-frame (n SO), a 
3-row complementary (1, 2; 3, s, 3)-frame and three mutually orthogonal Latin 
squares of side m -n, then there is a 3-row complementary (1, 2; 3, s(m -n) + 
12, 3)-frame. 
Partitionable frames are used in several of the constructions in [7] to produce 
k-complementary frames. In particular, the constructions for 3-complementary 
frames in [7] which use skew strong starters also produce 3-row partitionable 
frames which are 3-row complementary. We will use two of these constructions. 
11 7 8 12 4 6 1 3 9 13 14 2 
623 7 14 1 11 13 4 8 9 12 
236 0 11 12 1810 5 713 
A43 = 14 1 7 11 12 0 956 1024 
4 11 13 810 1 5 6 9 314 0 
12 a 9 13 5 7 2 4 10 14 0 3 
Fig. 2. M,, M2 and M3 for a partitioned (1,2; 3,5,3)-frame. 
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D 
Fig. 3. [A, B, C, D] is a 3-row complementary (1,2; 3,8,3)-frame with the complementary rows 
superimposed. 
Theorem 3.6 ([7, Theorem 3.91). Zf there exists a skew strong starter of order q, 
then there is a partitionable (1, 2; 3, q, 3)-f rame which is 3-row complementary. 
Corollary 3.7 ([7, Corollary 3.101). Let q be an odd prime power, q 2 7 and 
q f9. Then there exists a partitionable (1, 2; 3, q, 3)-frame which is 3-row 
complementary. 
Theorem 3.8 ([7, Theorem 3.111). If there exists a skew frame of type (2”)4 which 
has a set of 2”q skew transversals, then there exists a partitionable 
(1,2; 3, q, 3.2”)-f rame which is 3-row complementary. 
On near generalized balanced tournament designs 293 
Theorem 3.9 ([7, Corollary 3.121). Let q = 1 (mod 4) be a prime power. Then 
there exists a partitionable (1, 2; 3, q, 3 * 2”)-f rame which is 3-row complementary. 
Let N = (6, 10, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 38, 39, 42, 44, 46, 48, 
51, 52, 118). We can now show that there exist 3-row complementary 
(1, 2; 3, m, 3)-frames for m a positive integer, m 3 5 and m $ N. 
Lemma 3.10. There exist 3-row complementary (1, 2; 3, m, 3)-frames for m E 
M = (5, 7, 8, 9, 11, 12, 13, 15, 17, 19, 23, 27). 
Proof. The starters and adders described in [7] satisfy the additional properties 
required by Theorems 3.1 and 3.3. Cl 
Theorem 3.11. There exist 3-row complementary (1, 2; 3, m, 3)-frames for m a 
positive integer, m Z= 5 except possible for m E N. 
Proof. The proof is now identical to the proof of 3-row complementary 
(1,2; 3, m, 3)-frames in [7] where we replace the constructions in [7] with their 
analogues for 3-row complementary frames, Theorems 3.5-3.8. 0 
We are now in a position to show the existence of NGBTD(n, 3)s with four 
possible exceptions. 
Lemma 3.12. Let n E {1,2,4} U (N - {38,39, 118)). There exists a 
NGBTD(n, 3). 
Proof. The four distinct 3-subsets of a 4 element set form a NGBTD(l, 3). A 
NGBTD(2,3) is displayed in Fig. 1; this design was generated cyclically 
(Theorem 2.1). We can also use a starter to construct a NGBTD(4,3) ([2]): 
S = ((6, 7, 9), (5, 8, I>, (2, 4, lo>, 111, 12, 3)) 
Constructions for NGBTD(n, 3) for n E N - (38, 39, 118) are described in Table 
4. q 
Theorem 3.13. There exists a NGBTD(n, 3) f or a positive integer except possibly 
for n E (3, 38, 39, llS}. 
Proof. For n 2 5 and n 6 N, we can use the existence of 3-row complementary 
frames and Theorem 2.11. The remaining values of n are covered by Lemma 
3.12. Cl 
294 E. R. Lamken 
Table 4 
Constructions for NGBTD(n, 3) for n EN - 
(38, 39, 118) 
n 3n + 1 Construction 
6 19 Starter, 2.1 [2] 
10 31 Starter, 2.4 
14 43 Starter, 2.4 
16 49 Starter, 2.4 
18 55 2.12, 3.9 
20 61 Starter, 2.4 
22 67 Starter, 2.4 
24 73 Starter, 2.1 [9] 
26 79 Starter, 2.4 
28 85 4.7, 2.13 
30 91 4. 7 + 2, 2.5, n = 4, m = 2 
32 97 Starter, 2.4 
34 103 Starter, 2.4 
42 127 2.12 (m = 21, t = 2) 3.8 
44 133 4.11, 2.13 
46 139 Starter, 2.4 
48 145 4. 12, 2.13 
51 154 7.7+2,2.5,n=7,m=2 
52 157 4. 13, 2.13 
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